In this paper, we use the transfer matrix method to calculate the optical absorptance of vertically-aligned silicon nanowire (SiNW) arrays. For fixed filling ratio, significant optical absorption enhancement occurs when the lattice constant is increased from 100nm to 600nm. The enhancement arises from an increase in field concentration within the nanowire as well as excitation of guided resonance modes. We quantify the absorption enhancement in terms of ultimate efficiency. Results show that an optimized SiNW array with lattice constant of 600nm and wire diameter of 540nm has a 72.4% higher ultimate efficiency than a Si thin film of equal thickness. The enhancement effect can be maintained over a large range of incidence angles. 
Introduction
Semiconductor nanostructures are promising building blocks for next generation solar cells with higher energy conversion efficiencies and lower cost [1, 2] . Silicon-based nanostructured solar cells have several advantages, including the natural abundance of silicon, lack of toxicity, and compatibility with mature integrated-circuit fabrication techniques. Verticallyaligned silicon nanowire arrays exhibit low reflection and strong broadband absorption [3] [4] [5] and may be used as antireflection coatings or as the active layer in solar cells [3, 6, 7] . In particular, silicon nanowire arrays incorporating radial p-n junctions provide advantageous optoelectronic properties [8, 9] that relax silicon quality requirement, enabling lower-cost cells. Several groups have demonstrated solar cells based on radial p-n junction SiNW arrays on different substrates [10, 11] , including silicon wafer and flexible metal foil. Theoretical understanding of optical absorption within SiNW arrays will be critical to guiding further solar cell development.
Optical properties of SiNW arrays over the solar spectrum have previously been calculated by Hu and Chen [12] . They studied arrays with varying nanowire diameters for a fixed lattice constant of 100nm, typical of the structures reported, for example, in Refs [13, 14] . Their results showed that SiNW arrays can have much lower reflectance than silicon thin films. However, the overall absorption efficiencies of SiNW arrays were inferior to a silicon thin film of the same thickness. Recently however, fabrication of Si nanowire or microwire arrays with much larger lattice constants (several hundred nanometers to several microns) has been successfully demonstrated [15] [16] [17] . In order to design optimal solar cells based on such largelattice-constant structures, theoretical investigation of their optical properties is needed. In particular, it is of interest to understand the role of optical guided modes in engineering absorption enhancement [18] [19] [20] [21] [22] . Guided resonance modes, also known as slow Bloch modes [20] , have been extensively studied in photonic-crystal slabs [23] [24] [25] . Guided resonance modes are characterized by an increase in electromagnetic field intensity within the photoniccrystal slab, which results from the coupling of incident light from air to high-Q leaky modes of the 2D periodic structure [23] [24] [25] . Therefore, it is expected that when guided resonance modes are excited by incident sunlight, the optical absorption will be strongly enhanced.
In this paper, we use the transfer matrix method (TMM) [26, 27] to calculate the optical properties of SiNW arrays with lattice constants between 100 and 600nm. We show that for fixed filling ratio (defined as πd 2 /4a 2 , where d is the nanowire diameter and a is the lattice constant), increasing the lattice constant of the SiNW array yields dramatic optical absorption enhancement in the low-frequency range of the solar spectrum. For proper choice of lattice constant and filling ratio, we find that the overall absorption efficiency of SiNW arrays can surpass that of a Si thin film of equal thickness and even that of an equal-thickness Si thin film with an optimal single-layer AR coating. For lattice constants below ~250nm, guided resonance modes are not present. The absorption efficiency increases with lattice constant due to a greater concentration of fields within the dielectric material. Above ~250nm, the presence of guided resonance modes further increases absorption efficiency. We optimize the optical absorption with respect to lattice constant and filling ratio and calculate the dependence of absorption efficiency on incidence angle for the optimal structure. Figure 1 (a) illustrates the vertically aligned SiNW array structure we study. The SiNW array is illuminated from the top by sunlight, in the direction indicated by the red arrow. The electric field of the incident light is polarized along the x-axis. The array consists of silicon nanowires with diameter d and period a arranged in a square lattice and surrounded by air. In our calculations, we fixed the nanowire length L to 2.33μm. This value is comparable to the film thickness in silicon thin film solar cells [28] and allows us to compare our results to those in Ref [12] . The lattice constant a was varied from 100nm to 600nm. The filling ratio was varied from 0.2 to 0.79; for a filling ration of 0.79, the nanowire diameter is equal to the lattice constant. Figure 2(a) shows the frequency-dependent refractive index and absorption length of crystalline silicon, taken from Ref [29] . We assume that the nanowires are lightly doped, so that both n-type and p-type regions can be modeled using the same refractive index and absorption length as intrinsic crystalline silicon. In Fig. 2(b) , we plot the ASTM Air Mass 1.5 direct and circumsolar solar spectrum [30] . For solar cell applications, the frequency range of interest is 1.1eV -4eV, from the band gap edge of crystalline silicon (1.1eV) to where the solar spectral irradiance is negligibly small. We use the transfer matrix method (TMM) to calculate the reflectance, transmittance, and absorptance of SiNW arrays. The transfer matrix method is an efficient frequency-domain method for dealing with periodic structures. We use the freely available ISU-TMM simulation package for our study [31, 32] that can determine the frequency-dependent reflectance R(ω) and transmittance T(ω) from the scattering matrix of the nanowire structure. The absorptance is calculated as A(ω) = 1-R(ω)-T(ω). Calculations were carried out on a PC equipped with a single Intel Core 2 Quad 2.66GHz processor. Calculation times for a single frequency point ranged from less than one second for the smallest lattice constant to more than two minutes for the largest lattice constant under study.
Methods
We also use the finite-difference time-domain method [33] to calculate the electromagnetic field distributions inside the SiNW arrays as well as the dispersive band structure. We use the freely available MEEP software package [34] for calculating the field distribution and Lumerical FDTD solutions simulation package for calculating the dispersive band structure.
In order to quantify the absorption of different SiNW arrays across the solar spectrum, we calculate the ultimate efficiency [35] . The ultimate efficiency is defined by the assumption that each absorbed photon with energy greater than the band gap produces one and only one electron-hole pair with energy hc/λg, where λg is the wavelength corresponding to the band gap of Si. It is given by
where λ is wavelength, I(λ) is the spectral irradiance (power density) of the ASTM AM1.5 direct normal and circumsolar spectrum, A(λ) is the absorptance, and λ g = 1127nm is the wavelength corresponding to the 1.1eV band gap of crystalline silicon. The lower limit of the integral, 310nm, corresponds to an energy E = 4eV, and the upper limit of the integral in the denominator, 4000nm, is the upper limit of the available data for the solar spectrum. The integrals were evaluated using the trapezoid rule with 908 sampling points. The ultimate efficiency can be related to the maximum short circuit current by assuming perfect carrier collection efficiency, i.e., every photogenerated carrier can reach the electrodes and contribute to the photocurrent. In this case,   [12] . The reflectance (R) in Fig. 4(a) is much lower than that of the thin film throughout the entire spectral range. Meanwhile, the transmittance (T) in Fig. 3(b) is much higher than the Si thin film in the low-frequency range and approaches zero in the highfrequency range. The absorptance, shown in Fig. 4(c) , is given by A = 1-R-T. In the highfrequency range, the low reflectance and zero transmittance of the SiNW array lead to higher absorptance than the Si thin film. In the low-frequency range, the SiNW array has a lower absorptance than the thin film. We calculated the ultimate efficiency for both structures and found that the efficiency of the thin film (13.83%) is higher than that of the SiNW array (7.62%). We note that these values are close but not identical to those given in Ref [12] ; slight differences may be due to the use of different optical constant data near the band gap or to differences in implementation of the TMM method. We have verified that the ultimate efficiency of the thin film calculated using the TMM code agrees with that calculated using the analytical formula for the transmittance and reflectance of a lossy slab within 0.3%.
Results and Discussion
For a = 500nm, narrow, irregularly-spaced peaks appear in the reflectance spectrum ( Fig.  4(a) ) that are qualitatively different than the Fabry-Perot-like features seen in the thin film and a = 100nm lattice constant SiNW structures in the low frequency range. The transmittance spectrum (Fig. 4(b) ) exhibits narrow dips, and the absorptance spectrum (Fig. 4(c) ) exhibits numerous enhancement peaks. In the high-frequency range, narrow spectral features are largely absent in the reflectance, transmittance, and absorptance data. This phenomenon can be explained by the high material absorption of Si in this range ( Fig. 2(a) ). We have observed in numerical experiments that increasing the absorption of the nanowire material tends to smooth out guided resonance peaks. In Fig. 5(a) , we show the reflectance, transmittance, and absorptance data for the a = 500nm SiNW array in a narrow spectral region around 1.197eV . A transmittance dip is accompanied by a reflectance peak. The absorptance exhibits an enhancement peak, consistent with a relative increase in electromagnetic field intensity at the resonant frequency. The electric field density distributions (ε|E| 2 ) on the end surface of the SiNW and on a vertical cross section of the nanowire structure are shown in Figs. 5(b) and (c) . The field density is concentrated in the absorptive SiNW region.
We calculated the ultimate efficiency for the a = 500nm array and found a value of 20.67%, higher than the thin film of equal thickness (13.83%). Thus we find that for a suitably chosen lattice constant and filling fraction, the absorptivity of the SiNW array is in fact higher than for a solid film.
Referring back to Fig. 4(c) , an additional difference between the a = 100nm and a = 500nm data is visible. In addition to the presence of guided resonance peaks, the overall shape of the a = 500nm curve is shifted toward lower energies than the a = 100nm curve. In order to understand this trend, we plot the optical properties of SiNW arrays with intermediate lattice constants for which guided resonance modes are not present. Figures 4(d) , (e), and (f) show the results for a = 100nm, 150nm, and 200nm. For a = 150nm and 200nm, the reflectance values in Fig. 4(d) remain low across the entire spectral range. The transmittance curve, shown in Fig. 4(e) , tends to shift towards lower energies (higher wavelengths) as the lattice constant is increased. The transmittance in the highfrequency range is close to zero for all three lattice constants. The absorptance curves (Fig.  4(f) ) also shift to lower energies, while the absorptance is high in the high-frequency range for all three lattice constants. We calculated ultimate efficiencies of 7.62%, 12.34%, and 16.14% for the SiNW arrays with lattice constants a = 100nm, 150nm, and 200nm, respectively, compared to 13.83% for the Si thin film of equal thickness. The increase in absorptance with increasing lattice constant (even in the absence of guided resonances) can be understood in terms of the field concentration inside the silicon nanowires. We have verified via FDTD simulations that for fixed filling ratio, the normalized electromagnetic field energy inside the silicon nanowire increases with increasing lattice constant. Figure 6 shows the dependence of the ultimate efficiency on the lattice constant and filling ratio. For fixed filling ratio, the ultimate efficiency tends to increase with increasing lattice constant. This trend arises from enhanced field concentration within the rods and the excitation of guided resonances, as discussed above. For fixed lattice constant, the ultimate efficiency initially increases with filling ratio but then decreases again. This trend can be explained by the fact that as the filling ratio approaches one, the efficiency of the nanowire array should approach that of a thin film (lower dashed line). From the graph, the optimal range of the filling ratio is between 0.5 and 0.64.
It is clear from the graph that the ultimate efficiency of a SiNW array with lattice constant larger than 150nm can exceed that of an equally-thick Si thin film (lower dashed line), given proper choice of filling fraction. Moreover, a SiNW array with lattice constant larger than 350nm can exceed that of Si film with a single layer antireflection (AR) coating (upper dashed line). We calculated the efficiency of the AR-coated thin film assuming a single-layer coating of silicon nitride (Si 3 N 4 ) with frequency-dependent refractive index given in Ref [37] . In the frequency range of interest, Si3N4 has negligible loss. We optimized the thickness of the ARcoating to maximize the efficiency, yielding an efficiency of 20.34% at a thickness of 63nm. Within the parameter range shown in Fig. 6 , the optimal SiNW structure has a lattice constant of 600nm and a diameter of 540nm. It can achieve an ultimate efficiency of 23.84%, 72.4% higher than the efficiency of a Si thin film of equal thickness and 17.2% higher than an equalthickness Si thin film with an optimal single-layer AR coating. In Fig. 7(a) , we show the ultimate efficiency as a function of incidence angle for the optimal SiNW array (a = 600nm, d = 540nm). For comparison, we plot the ultimate efficiency for a Si thin film with optimized single-layer AR coating ( Fig. 7(b) ). The efficiency of the SiNW array tends to be higher for TM polarized light than for TE polarized light. In comparison to the AR-coated Si thin film, the SiNW array is more absorptive to TM-polarized light for angles up to 80 degrees and more absorptive to TE-polarized light for angles up to 60 degrees. Detailed calculations showed that the difference in ultimate efficiency between TE and TM polarizations for the SiNW array may be attributed to higher reflectance of TMpolarized light in the high-frequency range. TE reflectance increases with incidence angle in the high-frequency range, while TM reflectance decreases.
Conclusion
In conclusion, we use the transfer matrix method to study the optical properties of SiNW arrays with lattice constants varying from 100nm to 600nm. Our results show that dramatic optical absorption enhancement occurs with increasing lattice constant. For relatively small lattice constants, the absorption enhancement results from an increase in the electromagnetic field concentration within the silicon nanowires. For larger lattice constants, guided resonances are excited and serve as a supplemental enhancement mechanism. We demonstrate that by tuning the lattice constant and the filling ratio, a SiNW array can be found that is more absorptive than an equally-thick Si thin film with a single-layer antireflection coating. The optimal SiNW array has a lattice constant of 600nm and a filling ratio of 0.79, and it exhibits an ultimate efficiency of 23.84%. The optical absorption enhancement effect is maintained over a large range of incidence angles.
In this paper, we focus on SiNW arrays with symmetry in the vertical direction. Such arrays have been fabricated and embedded in low-index polymers [38, 39] . The arrays can be transferred onto flexible substrates. Our work will be of direct relevance to such systems.
Alternatively, other work in the literature has studied SiNW arrays on top of silicon substrates. Experimentally, it has been observed that the absorption of such a composite structure can exceed that of a thin film [4] . Similarly, a very recently published modeling paper [40] has shown that the ultimate efficiency of a composite system can surpass that of a thicker silicon film. In that work, the role of guided resonances was not explicitly identified. Untangling the contributions of guided resonance modes from the effects of Fabry-Perot resonance modes in the substrate, as well as the effects of increased field concentration in the dielectric with increasing lattice constant, is a challenging task that will require further research.
In future work, it will also be interesting to determine whether further absorption enhancement can be obtained in SiNW arrays by using antireflection coatings [41] , photoniccrystal back reflectors [42] [43] [44] [45] , or plasmonic excitation [4, [46] [47] [48] . The properties of microwire arrays, with even larger lattice constants and nanowire diameters than those studied here, are also an intriguing area of study. In all of these cases, untangling the rich optical mode structure of the patterned solar cell material will be important for understanding the ultimate limits of engineered absorption enhancement. Likewise, the effect of randomness and disorder [49] in increasing or decreasing the ultimate efficiency of nanowire arrays is an important area for further research.
